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Theorem 1 $n\in \mathrm{N}$ $\epsilon$,
$\delta$
$||A||\leq 1,$ $||A^{*}A-AA^{*}||<\delta$ $A\in M_{n}(\mathbb{C})$
$||N-A||<\epsilon$
$N$











Theorem 2 $A,$ $B\in M_{n}(\mathbb{C}),$ $A=A^{*}$ $\epsilon$
$||AB-BA|| \leq\frac{2\epsilon^{2}}{n-1}$
$M_{n}(\mathbb{C})$ $A’,$ $B’$
$(A’)^{*}=A’,$ $A’B’=B^{;}A’,$ $||A-A’||<\epsilon,$ $||B-B’||<\in$
1046 1998 15-28 15









$\alpha=\max\{||\xi_{1}||, \ldots, ||\xi_{n}||\},$ $\beta=\max\{||\eta 1||, \ldots, ||\eta_{n}||\}$ .
(2) $a_{1},$ $\ldots,$ $a_{n},$ $b_{1},$ $\ldots,$ $b_{n}$ $a_{i}-b_{j}\geq c>0$
$||( \frac{1}{a_{i}-b_{j}}S_{ij})||\leq\frac{1}{c}||S||$




(2) $d$ $\max\{b_{1}, \ldots, b_{n}\}<d<\min\{a_{1}, \ldots, a_{n}\}$ $a_{i}-d,$ $d-b_{i}\geq$
$c/2$
$f_{i}(t)=\exp(-(ai-d)t),$ $g_{i}(t)=\exp(-(d-bi)i)$
, $g_{i}\in L^{2}(0, \infty)$
$||f_{i}||,$ $||g_{i}|| \leq\frac{1}{\sqrt{c’}}$ $<f_{i}| \mathit{9}j>=I^{\infty}0(f_{i}(b)g_{j}t)dt=\frac{1}{a_{i}-b_{j}}$
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(1) 1
Lemma(Schanuel) $x_{1},$ $x_{2}$ , –, $x_{n}$ $k$
$(i(0)=0<)1\leq i(1)<i(2)<\cdots<i(k)\leq n(<n+1=i(k+1))$
$\sum_{j=1}^{k}\frac{1}{x_{i(j)}}\leq n$ , $i(1)= \sum_{ji(l)+1}^{\iota+}-1X_{j}<1$ $(l=0,1, \ldots, k)$
Proof. $1\leq m\leq n,$ $0<t\leq 1$
$c_{m}(t)= \min\{\sum_{j=1}^{k}\frac{1}{x_{i(j)}}|0\leq k\leq m,$ $1\leq i(1)<i(2)<\cdots<i(k)\leq m$,
$x_{1}+\cdots+xi(1)-1<1$ ,


























Proof of Theorem 2. $A$ { self-adjoint
$A=$ , $\lambda_{1}\geq\lambda_{2}\geq\cdots\geq\lambda_{n}$



















$B$ $B_{k},$ $B_{k}^{c},$ $B_{k}^{r}$
$B-B’=$
$=$ ($B_{\mathrm{s}}B_{21}0..\cdot.\cdot.1$ $B_{12}\mathrm{O}0.\cdot.\cdot.$. $B_{13}00$ . $.$ . $\cdot.\cdot.\cdot..\cdot.$) $++\cdots$
$=B_{1}+B_{2}+$.
$\cdot$ . . $+B_{s-1}$
$B_{k}$ $k$ $0$ $B_{k}^{c}$ , $k$ $0$ $B_{k}^{r}$
$||B-B’||\leq||B_{1}||+\cdots+||B_{S-1}||$
$B_{k}=B_{k}^{c}+B_{k}^{r}$ , $||B_{k}||= \max\{||B_{k}^{c}||, ||B_{k}^{r}||\}$
$||AB-BA||< \frac{2\epsilon^{2}}{n-1}$
( 1 1 .
$..$
)(A$B$ $-$ $BA$) $(^{1}$ $0$ $0$ $...)=(^{(\lambda_{2^{-}}}(\lambda_{3}-.\cdot.\lambda_{1}))\lambda 1b_{21}\mathrm{o}b31$ $00...\cdot.\cdot$ $..$ . $\cdot...\cdot..\cdot.)$
$(1 \leq j\leq i(1)<i\leq n)$ $B_{1}^{c}$ Schur $|\lambda_{i}-\lambda_{j}|\geq d_{i(1)}$
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$( \frac{i}{n})^{2}e_{i}+1$ $(1 \leq i\leq n)$
$e_{i+1}$ $(i>n)$




Example 2(Voiculescu) $n\in \mathrm{N},$ $\omega_{n}=e^{2\pi i/n}$
$U_{n}=$ , $V_{n}=$
$narrow\infty 1\mathrm{i}\mathrm{I}11||U_{?\iota}V_{7}l-\mathrm{t}/U_{n}|\}.||=0$ ,
$\lim_{narrow\infty}\max\{||x-U_{n}||, ||Y-V_{\gamma}l|||X, ]’\in\Lambda I_{l},.(\mathbb{C}), Xl’=1^{\nearrow}X\}=1$











$sgn$ $\{T\in l\vee I_{n}(\mathbb{C})|Sp(\tau)\cap i\mathbb{R}=\phi\}$
$\mathbb{Z}$
$J$ $||J-^{\tau}||<1$ $Sp(\tau)\cap i\mathbb{R}=\phi$
, $J$ $T$ $sgnJ=sgn\tau$
$RS=SR$ $R,$ $S\in M_{n}(\mathbb{C})$
$X=\in lVI_{\mathit{2}}n(\mathbb{C})$
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, $det(X-\lambda I)=det(-X-\lambda I),$ $(\lambda\in Sp(R)^{c})$ , $X$
$sgnX=0$
Choi , $n$ $A,$ $B$
$A=(a_{ij}),$ $a_{ij}=(1- \frac{2i-1}{n})\delta_{ij}$
$B=(b_{ij}),$ $b_{ij}=(1-(1- \frac{2i}{n})^{2})\delta_{ij}$ .
$||A||=1- \frac{1}{n}$ $||B|| \leq\frac{2}{7l},$ $||AB-BA|| \leq\frac{2}{n}$
$J=$














$U_{n}$ $X,$ $V_{n}$ $Y$









1 winding number I $\gamma(t, r)\neq$
$0$ for all $t,$ $r$
. $d= \max\{||X-U_{n}||, ||Y-V_{n}||\}<\sqrt{2-|1-\omega_{n}|}-1$
$(1 -r)A(t)B(t)+rB(t)A(t)$ invertible for all $t,$ $r$
$||(1-r)A(t)B(t)+rB(t)A(t)-U_{nn}V||$









$S_{n},$ $T_{n}\in B(\mathcal{H}_{n}),$ $\mathrm{d}\mathrm{i}\mathrm{I}\mathrm{n}\mathcal{H}_{n}<\infty(n=1,2,$. $*”)$
$\sup_{n}(||s_{n}||+||T_{n}||)<.\infty,$ $\lim_{narrow\infty}||[S_{n’ n}T]||=0$
$S_{n’ n}’T’\in B(H_{n})$ $[S_{n’ n}^{\prime\tau\prime}]=0,$ $\lim_{n}arrow\infty(||Sn-S’|n|-||T_{n}-Tn’||)=0$
Voiculescu
cohomological $\mathrm{C}^{*}-$
$A= \{(T_{n})^{\infty}n=1|T_{n}\in B(\mathcal{H}_{n}), \sup||T_{n}||<\infty\}$ , $I= \{(\tau_{n})_{n=}^{\infty}1\in A|\lim_{\infty narrow}||T_{n}||=0\}$
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Theorem 3(Lin) $\epsilon$ $\delta$ .
$n$ $7l$ $a,$ $b$





$||x_{j}||\leq 1$ $x_{j}\in \mathrm{J}/I_{n_{j}}(\mathbb{C})$
$||x_{j}^{*}xj-X_{j}x^{*}j||arrow 0$
, $\epsilon$ $\mathrm{i}VI_{\gamma 1_{\mathrm{J}}}.(\mathbb{C})$ $\epsilon$ $\{x_{j}\}$
$\{x_{j}\}$ Lin ,
Voiculescu $\mathrm{C}^{*}-$ $A/I$ $(\mathrm{F}\mathrm{N})$ $\mathrm{C}^{*}-$
$(\mathrm{F}\mathrm{N})$ , ,
Proof. $x=(x_{j})\in A$ $y=\pi(x)\in A/I$
$(\mathrm{F}\mathrm{N})$ , $A/I$ $y’$
$||y-y’||\leq\epsilon$
, $x’=(x_{j}^{l})\in A$ $\pi(x’)=y’$
, 1 $p,$ $q$
$p(Sp(y)’)\subset \mathbb{R},$ $q\circ p|_{Sp}(y’)=id|_{s_{p}(y’)}$
$p(y’)$ $q(p(y’)\mathrm{I}=y’$
$\pi(z)=p(y’)$ $z\in A$ $x’=q(z)$
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$||x-x’-a||\leq||y-y^{r}||+\epsilon/4<\in/2$
$a=(a_{j})-\in I$ $\lim_{jarrow\infty}||a_{j}||=0$ $||a_{j}||<\epsilon/2$
$|\}x_{j}-x_{j}’||<\epsilon$ I
$A/I$ $(\mathrm{F}\mathrm{N})$ $\mathrm{F}\mathrm{r}\mathrm{i}\mathrm{i}\mathrm{s}-\mathrm{R}\emptyset \mathrm{r}\mathrm{d}\mathrm{a}\ln$
2
Lennna 1. $\epsilon$ , $.\cdot r$. $\in A/I,$ $\mathbb{C}$ $F$ $A/I$ $y$
$||x-y||<\in$ , $Sp(y)\cap F=\emptyset$
Lemma 2. $x\in A/I$ $V$ $Sp(X)$
$(0,1)$ $V$ $\lambda_{0}$ $\epsilon$ $A/I$
$y$
$Sp(y)\subset Sp(x)-\{\lambda_{0}\}$ , $||x-y||\leq\epsilon$
2 $A/I$ $(\mathrm{F}\mathrm{S})$ ( )
$x\in A/I$ lemma 1 $Sp(X)$
$x’$ $x$ $x’$ $\mathrm{n}$
$x”$ $x’$ lemma 2
$x”’$ $x”$
Proof of Lemma 1. $x$ $x=u|x|$ , ( $u$ )
( ) $A,$ $A/I$
$A/I$ $x(=u|x|)$ $u(|x|+\epsilon 1)$ $A/I$








$U$ $\epsilon$ $X$ $\mathbb{T}\sim$ $f$ $f|v$ $V$
$\mathrm{T}-\{-1\}$ $f|x-v=-1$ $u=f(x)$
$a\in A$ $\pi(a)=u$ $\mathrm{c}\iota=$ { $)$ $|(\iota|$ $\pi(v)=u$
$f(U)$ $\chi$ $A$ $\backslash (v)$ $A/I$ $e$ $\pi(x(v))$
$=-$




J. J. Bastian and K. J. Harrison, Subnormal weighted shifts and properties of normal
operators, Proc. Amer. Math. Soc. 42(1974), 475-479.
M. D. Choi, Almost commuting matrices need not be nearly commuting, Proc.
Amer. Math. Soc. 102(1988), 529-533.
R. Exel and T. Loring, Almost commuting unitary matrices, Proc. Amer. Math.
Soc. 106(1989), 913-915.
P. Friis and M. $\mathrm{R}\emptyset \mathrm{r}\mathrm{d}\mathrm{a}\mathrm{m}$ , Almost conlInuting self-adjoint lnatrices–a short proof of
Huaxin Lin’s theorem, J. Reine Angew. Math. 479(1996), 121-131.
H. Lin, Almost commuting selfadjoint matrices and applications, $‘(\mathrm{O}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}$ Algebras
and Their Applications”, Fields Institute Communications 13(1996), 193-233.
T. A. Loring, $\mathrm{K}$-Theory and asymptotically connnuting matrices, Canad. J. Math.
40(1988), 197-216.
C. Pearcy and A. Shields, Almost $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{u}\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{c}1^{\cdot}\mathrm{i}_{\mathrm{C}\mathrm{e}}\mathrm{s}$ , J. Funct. Anal. 33(1979),
332-338.
27
P. Rosenthal, Are almost commuting matrices near commuting matrices?, Amer.
Math. Monthly 76(1969), 925-926.
S. H. Schanuel, A combinatorial problem of Pearcy and Shields, Proc. Amer. Math.
Soc. 65(1977), 185-186.
J. Schur, Bemerkungen zur Theorie der beschr\"ankten Bilinearformen mit unendlich
vielen Ver\"anderlichen, J. Reine Angew. Math. 140(1911), 1-28.
D. Voiculescu, Asymptotically commuting finite rank unitary operators without
commuting approximants, Acta Sci. Math. 45(1983), 429-431.
28
